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ABSTRACT: The sea surface height budget, obtained by integrating hydrostatic balance over the water column, relates sea
surface height variations to variations of the seafloor pressure, density in the water column, and atmospheric surface pres-
sure. This budget is crucial for calibrating and interpreting satellite altimetry measurements. It only holds once nonhydro-
static surface gravity waves are averaged out, however, which complicates an observational closure of the budget. Using data
from the California Current System, this study demonstrates that the budget closes to within understood uncertainties if GPS
buoy measurements of surface height are interpreted as Lagrangian measurements. The buoy largely follows wave motion
and spends slightly more time near wave crests than troughs. The associated Stokes offset, which reaches a maximum of
16 cm in these observations, must be accounted for in the Eulerian sea surface height budget.
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1. Introduction

Precise measurements of the sea surface height from space
have greatly advanced global oceanography. Satellite altimetry
captures the geostrophic circulation, which consists of gyres,
boundary currents, jets, and ubiquitous mesoscale eddies
(Wunsch and Stammer 1998; Chelton et al. 2011). Altimetry
data are the basis of accurate maps of the external tides (Le
Provost et al. 1995); they have revealed the long-range propa-
gation of internal tides (Ray and Mitchum 1996); and they can
be used to infer where the external tides lose energy to inter-
nal tides and dissipation (Egbert and Ray 2000), with impor-
tant implications for the circulation and stratification of the
deep ocean (Munk and Wunsch 1998). Furthermore, altimetry
data constitute the backbone of estimates of global sea-level
rise (Cazenave and Llovel 2010).

The Surface Water and Ocean Topography (SWOT) mission,
launched in December 2022, measures the sea surface height
with substantially higher precision than conventional nadir
altimetry (Fu et al. 2024). To evaluate these new measure-
ments, a set of moorings was deployed in the California
Current System (Wang et al. 2025). These moorings mea-
sure density fluctuations in the water column, the vertical in-
tegral of which dominates the nontidal sea surface signal
(Wang et al. 2022). Some of these moorings also carry GPS
buoys that directly measure the sea surface height using re-
cently developed technology (Haines et al. 2017; Desai et al.
2018; Haines et al. 2019), adding redundancy to the evaluation
of SWOT data. A comparison between these GPS buoy data
and altimetric measurements should be made with caution, how-
ever, because the buoy measurements are subject to a Stokes
offset due to surface gravity waves (Longuet-Higgins 1986). The
buoys move mainly with the gravity wave orbit, the trajectory of
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a fluid parcel in the wave field, spending slightly more time
near the wave crest than near the wave trough, shifting the
Lagrangian mean position upward relative to the Eulerian
mean sea surface height. Using data from a prelaunch deploy-
ment, we demonstrate the importance of this Stokes offset by
closing the sea surface height budget, which is obtained by in-
tegrating the hydrostatic balance over the water column (Gill
and Niiler 1973).

2. The sea surface height budget

At sufficiently large horizontal scales, ocean flows have a
small aspect ratio and nearly satisfy hydrostatic balance:

ap

& = —ps, (1)
where p is the pressure, p is the density, g is the gravitational
acceleration, and z is the vertical coordinate referenced to the
long-term Eulerian mean position of the sea surface. Integrat-
ing this balance from the seafloor at z = —H to the surface at
z = h and denoting the bottom and surface pressures as p,
and p,, respectively, we obtain

h 0

Py — P, =gIdez:pogh +gJ

pdz. 2)
H

In the approximation above, we use the fact that surface den-
sity variations away from the reference p, = 1024 kg m > are
small compared to the reference value and that the sea surface
height variations 4 are small compared to the reference water
depth H. This integrated hydrostatic balance can be written as
the sea surface height budget:

h—h,—h,=h —H, 3)

s

where
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FI1G. 1. Configuration and position of the mooring in the California Current System. (a) Location of the GPS buoy
over the course of the deployment (blue dots), relative to the mooring anchor (red dot, 36°07'N, 125°08'E), inferred
by fitting a circle to the measured GPS surface positions (black circle). (b) Nominal mooring line and sensor positions
when the surface buoy is at its mean displacement (black circle).
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The terms in the sea surface height budget are the surface height
h itself, the barometric correction 4, (also known as the
“inverted barometer” effect; Wunsch and Stammer 1997),
the height equivalent to the bottom pressure #,, the steric
height A, and the mean water depth H. If we remove the
time mean of all quantities, we obtain

W~k — =M. )

Closure of the budget (5) to within understood uncertainties
would increase our confidence in the measurements used to
estimate each term. It would also increase our confidence in
estimates of any one term as a residual of this budget, for ex-
ample, estimates of the sea surface height from a combination
of measurements of bottom pressure and steric height, supple-
mented with an estimate of atmospheric pressure from a sur-
face measurement or reanalysis product.

We demonstrate here that the budget (5) can be closed us-
ing mooring measurements from a field experiment in the
California Current System that was conducted from September
2019 to January 2020 in anticipation of the SWOT launch (Wang
et al. 2022). We use measurements of the sea surface height from
a GPS buoy, estimate the barometric correction using atmo-
spheric reanalysis (ERAS hourly sea level pressure; Hersbach

et al. 2020), use a bottom pressure recorder, and estimate steric
height from a set of 17 CTDs along the mooring line (Fig. 1).
We remove the first 2 weeks of the bottom pressure data be-
cause of instrument drift during that period. The mooring
was designed as a slack mooring, with the mooring line
much longer than the water depth (5190 vs 4480 m), which
reduces the line tension and allows the surface buoy to follow
the surface height. A detailed description of the mooring design
and the instrumentation, including a discussion of error sources,
is provided by Wang et al. (2022); the mooring used here is the
“northern mooring” described there. The only difference in
the processing of the GPS data is that we do not apply the em-
pirical correction for an apparent sea state bias, which was es-
timated as 0.018n in Wang et al. (2022), where m is the
significant wave height. We argue below that this apparent
bias is due principally to the Stokes offset. For all time series,
we remove a linear fit over the period during which all
observations are available (1500 UTC 19 September 2019-
1500 UTC 19 January 2020). These removed trends are
much smaller than the dominant signal for all measure-
ments; we remove them to avoid remaining instrument drift
to affect the analysis.

As expected, the dominant signal on the GPS buoy is that
of wind waves and swell (Fig. 2). These are surface gravity
waves in the deep-water limit and do not satisfy (1). We
must average over surface gravity waves to close the sea sur-
face height budget for the signals produced by larger-scale
hydrostatic flows. We average here over 20-min bins. Because
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FI1G. 2. Example surface height signal from the GPS buoy dominated by surface gravity waves. (a) Time series of
the barometrically corrected 1-Hz GPS buoy data for the first 20 min of 11 Oct 2019 (UTC), with the mean over
this time period h; — hj, = =20 cm (relative to the time series mean) indicated by the horizontal line. (b) Vari-
ance spectrum estimated from this time series showing a peak corresponding to the dominant surface gravity
waves. The dominant wave period of 7.7 s, calculated from the first mode of this spectrum, is indicated by the

black vertical line.

the buoy largely moves with the surface waves in both
the vertical and horizontal directions, a time average over the
buoy measurements is closer to a Lagrangian than an Eulerian
mean of the sea surface height. For a plane wave and to sec-
ond order in the wave amplitude a, this Lagrangian mean dif-
fers from the Eulerian mean surface height by the Stokes
offset h, = ka*/2, where k is the wavenumber (e.g., Longuet-
Higgins 1986; Biihler 2014; Salmon 2020).! The Eulerian
mean surface height 4 and the Lagrangian mean A, measured by
the GPS buoy are therefore related by

h=h,—h. (6)
For a typical significant wave height of n = 3 m and a typi-
cal wavelength of 2w/k = 100 m, the Stokes offset is
h, = km?/16 = 3.5 cm, where we used that the significant wave
height is defined as 4 times the root-mean-square height. The off-
set is therefore comparable to the mesoscale signal (order 10 cm)
and greater than SWOT’s precision (order 1 cm). It varies in
time as the surface wave properties evolve, so it is indispensable
to close the budget (5). The residual hy — h;, — hj, — h; should
not vanish but equal the Stokes offset /; (with its average over
the time series removed).

Once the surface gravity waves are averaged out, the
barometrically corrected surface height hy —A; is domi-
nated by the external tides with an amplitude on the order
of 1 m (Fig. 3a). As expected, this tidal signal is largely mir-
rored in the bottom pressure. The residual h, — h; — hy, is
reduced in amplitude to about 10 cm and exhibits prominent
variations on a time scale of a month or two (Fig. 3b). This
signal is due to mesoscale eddies moving across the mooring

!'The Stokes offset is linked to the divergent generalized
Lagrangian-mean (GLM) circulation when the wave field grows or
decays in amplitude (McIntyre 1988; Biihler 2014; Vanneste and
Young 2022).

(Wang et al. 2022; de Marez et al. 2023). It is also captured by
the steric height £, as expected from the sea surface height
budget (5). The time series A, — h; — hj, has more variance
than h at high frequencies and a number of outliers, which we
make no attempt to remove. Nevertheless, it is clear that there
are systematic differences between the two in the form of
spikes in i, — h;, — hj, that last a few days and are absent in /.
These spikes are prominent in the residual of the sea surface
height budget i, — h;, — hj — h{ (Fig. 3c). They coincide with
periods of large-amplitude surface gravity waves, when the
Stokes offset is large.

We estimate the Stokes offset from the observed wave
properties. For each 20-min averaging period, we estimate the
variance spectrum S(w) from the barometrically corrected
GPS buoy surface height (Fig. 2). We chop each 20-min seg-
ment into five chunks that overlap by 50%, and we apply a
Hann window to each chunk. The variance spectrum is esti-
mated as the average over the spectrograms from the five
chunks. From these wave spectra, we estimate the Stokes
offset as, using the dispersion relation for deep-water waves
k= o’lg,

hy = JkS(w)dw - J%S(w)dm. @)

This generalizes the formula for a single plane wave given
above to a full spectrum of waves (Kenyon 1969; Webb and
Fox-Kemper 2011). The Stokes offset varies primarily because
of variations in the wave amplitude and secondarily because of
variations in the dominant wave period (Fig. 4).

This Stokes offset A}, with its time mean removed, matches
the residual of the sea surface height budget hy — hy, — hj, — hg
remarkably well (Fig. 3c). The peaks in the residual line up
with periods of large-amplitude waves, when the Stokes offset
is large. The height of the peaks matches well, and we empha-
size that there is no adjustable parameter in this calculation.

Brought to you by Caltech Library | Unauthenticated | Downloaded 10/03/25 04:56 PM UTC



1884

JOURNAL OF PHYSICAL OCEANOGRAPHY

VOLUME 55

15
1.0
05
0.0 450

height (m)

—0.5
~1.01

—1.51

FIE orrosem

ansoond o LIRS

+

—
ey
X
0cca
L,  0pa aume

coveece o0
AT s
is

AN e

height (m)

height (m)

2019-10-01  2019-10-15 2019-11-01  2019-11-15 2019-12-01  2019-12-15 2020-01-01  2020-01-15

FI1G. 3. Closure of the sea surface height budget by the Stokes offset. (a) The height equivalent to the bottom pres-
sure &, inferred from the bottom pressure recorder and the barometrically corrected surface height /i — h;, inferred
from the GPS buoy and corrected using atmospheric reanalysis. (b) Residual &, — hj, — hj, and the steric height /; in-
ferred from CTDs along the mooring line. (c) Residual of the sea surface height budget hj, — h;, — hj, — h; and the
Stokes offset /] calculated from the wave properties estimated from the GPS buoy according to (7) and with a time

mean over the observational period removed.

This demonstrates the importance of the Stokes offset in the
closure of the sea surface height budget if the surface height is
measured using a buoy that behaves largely like a Lagrangian
particle in the surface gravity wave field.

To quantify the reduction in the residual of the sea surface
height budget (5) when the Stokes offset is taken into ac-
count, we estimate frequency spectra of the residual with
and without the Stokes offset (hy —hy —hy, —h; —hj vs
hy — hy, — hj, — hy), and we compare these to the spectrum of
the barometrically corrected height as measured by the GPS
buoy (/1 — h;). We fill gaps using linear interpolation and esti-
mate the variance spectrum using the same procedure as de-
scribed above, now applied to the time series of 20-min
averages. The spectra show that the Stokes offset is crucial for
closing the sea surface height budget at periods greater than
1 day (Fig. 5). At these periods, the Stokes offset substantially
reduces the residual and renders it small compared to h; — ;.
At periods shorter than 1 day, the Stokes offset has little
variance and makes no difference in the budget. The resid-
ual has variance comparable to h; — h; at periods shorter
than about 6 h, indicating a failure to close the budget at
these short periods. The residual also has significant peaks

at the tidal frequencies, and the Stokes offset makes no sub-
stantial difference there. Overall, taking the Stokes offset
into account reduces the root-mean-square residual from
3.6 to 2.8 cm. We note that these numbers may be further
reduced by outlier detection, longer averaging windows,
and corrections for remaining biases in the GPS measure-
ments; Wang et al. (2022) found a 2-cm root-mean-square
residual in 1-h averages when applying their empirical sea
state bias correction.

3. Discussion

The empirical correction of an apparent sea state bias that
Wang et al. (2022) applied to the GPS buoy measurements is
likely dominated by the Stokes offset. A linearization of the
Stokes offset kn%/16 at mean wave conditions yields a propor-
tionality constant of kn/8 = 0.021, not far from the 0.018 that
Wang et al. (2022) inferred from a linear fit to the GPS meas-
urements against . That said, other sea state—dependent errors
in the GPS solution, for example, changes in the effective eleva-
tion cutoff (cf. Park and Won 2010) from the varying wave
field, cannot be dismissed and warrant further investigation.
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FIG. 4. Wave properties and the Stokes offset. (a) Significant wave height m calculated as 4 times the standard
deviation of the GPS buoy measurements. (b) Dominant wave period calculated from the first mode of the variance
spectrum of the surface height measured by the GPS buoy. (c) Stokes offset /; estimated by applying (7) to the GPS

buoy measurements.

There are signals in the residual of the sea surface height bud-
get that are not explained by the Stokes offset, of course,
most prominently at tidal periods and periods shorter than
6 h (Figs. 3c, 5). Clearly, errors persist in all measurements,
and we refer the reader to Wang et al. (2022) for an in-depth
discussion. Errors in the GPS measurements due to uncom-
pensated atmospheric refraction and errors in the correction
for the mooring line tension as well as the incomplete cover-
age of the water column by CTDs (Fig. 1) are likely major
contributors to the remaining residual. In addition, nonhydro-
static internal waves that do not satisfy (1) may contribute to the
high-frequency residual. Overall, however, inclusion of the Stokes
offset further strengthens the prospect of using GPS buoys as ef-
fective open-ocean tide gauges for the calibration and evaluation
of the SWOT mission, as opposed to the CTD-based approach
used so far (Wang et al. 2025).

In our calculation of the Stokes offset, we assumed that the
GPS buoy perfectly follows the wave orbit. We expect this to be
approximately true given the slack mooring design, but the line
tension will cause deviations from the wave orbit, especially
when the buoy is displaced farthest from the anchor (Fig. 1).
The line tension is recorded on the GPS buoy, so it should be
possible to correct for this effect. This does not appear to change

the leading-order behavior but should be evaluated in more de-
tail in future work aiming for a quantitatively accurate correc-
tion for the Stokes offset.

One may also worry that the GPS data are insufficiently ac-
curate to estimate the Stokes offset robustly using (7), both
because of noise in the measurements and because of insuffi-
cient time resolution (cf. Lenain and Pizzo 2020). It should be
noted, however, that high-frequency waves contribute less
strongly to the Stokes offset than the Stokes drift, given that
the offset is proportional to the second rather than third mo-
ment of the frequency spectrum (cf. Webb and Fox-Kemper
2011). While we are reassured by the leading-order match of
the Stokes offset with the residual of the sea surface height
budget (Figs. 3c, 5), an independent evaluation of the accu-
racy of the GPS-based estimation should be pursued in future
work.

Elipot (2020) recently proposed to supplement the global
sea level measurements from altimetry and tide gauges with
GPS measurements from drifting buoys, such as those de-
ployed by NOAA'’s Global Drifter Program. The Stokes off-
set should be taken into account in such measurements to the
extent that the drifting buoys follow the wave orbit. This is
particularly important because substantial trends in wave

Brought to you by Caltech Library | Unauthenticated | Downloaded 10/03/25 04:56 PM UTC



1886

10!

100 o4

1071 o4

1072 o

1073 4

10—4 4

variance spectrum (m2cpd~1)

107° 5

h —h!
—_ hZ—hZ—hg,—h; Il I
—— hy—h,—h—hl—hf

107° 4

1077 T - -
107! 10° 10!
frequency (cpd)

FIG. 5. Variance spectra of the residual of the sea surface height
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surface height (h;, — h) from the GPS buoy. The frequencies of the
04, K, M, and S, tides are indicated by short black lines.

height—and therefore the Stokes offset—are expected for the
twenty-first century (e.g., Casas-Prat et al. 2024).
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