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ABSTRACT: Despite the amount of data sampled by current and upcoming satellite missions, the temporal evolution of
oceanic turbulence is for now poorly understood. Here, we use state-of-the-art satellite measurements of sea surface height
time series, combined with global oceanic reanalysis and idealized numerical simulations to study the properties of the fre-
quency spectrum for oceanic turbulence. We show that the meridional gradient of potential vorticity, that supports plane-
tary Rossby waves, and the barotropic current are the main parameters that shape the frequency spectrum of sea surface
height as observed by satellite altimetry.
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1. Introduction

Oceanic currents with time scales larger than a day and
length scales larger than tens of kilometers represent the ma-
jor part of the oceanic circulation (Zhai et al. 2010; Beal et al.
2011; Zhang et al. 2014) and are essential for the evolution of
climate (Small et al. 2008; Zhang et al. 2014; Palter 2015).
The ubiquitous oceanic stratification implies that baroclinic
instability injects energy at scales O(102 100) km, that subse-
quently cascades toward larger and smaller scales (Callies
et al. 2016), forming the so-called turbulence continuum. Un-
derstanding the properties of this turbulence is of primary im-
portance, from the large scale to the submesoscale, in order to
understand the road from the astronomic forcing to the mi-
croscopic dissipation.

On the one hand, properties of the turbulence in the spatial
domain (for wavenumbers k, averaged over all frequencies)
are fairly well understood locally, but are challenging to mea-
sure at a global scale due to the noise floor and the entangle-
ment of the different geophysical signals (Villas Bôas et al.
2022). The kinetic energy (KE) spectrum is predicted to fol-
low a power law K(k) ~ k2a (e.g., Callies and Ferrari 2013),
where k is a horizontal wavenumber. The slope a depends on
the presence or absence of submesoscale instabilities and is
thought to be shaped by the turbulent dynamics induced by a
combination of these instabilities and the mesoscale eddy field
(Callies et al. 2016). The slope tends to vary between a ’ 2 in
winter and a ’ 3 in summer (Callies et al. 2015; Lawrence
and Callies 2022). The only available way of studying the tur-
bulence properties at a global scale is satellite altimetry, that
measures the sea surface height (SSH). For motions that are
in geostrophic balance, near-surface KE spectra K(k) convert
to SSH variance spectra, S(k)5 (f /gk)2K(k), where f is the lo-
cal inertial frequency and g is the gravitational acceleration
(Vallis 2017). KE spectra give rise to SSH spectral slopes
a 1 2 that vary between about 4 and 5, indicating that the SSH
signal associated with submesoscale turbulence is expected to

be weak. It is estimated that even if presently available satellite
altimetry data are pushed to their limit (e.g., Lawrence and
Callies 2022), their resolution is ;100 km, such that an impor-
tant part of the signal is drowned in noise. Furthermore, the
SSH field at the mesoscale and below is a jigsaw puzzle of fea-
tures due to geostrophically balanced turbulence and internal
gravity waves. Distinguish between signals arising from these
drastically different types of motion in order to correctly inter-
pret the data is crucial and is still an open question for the larg-
est part.

On the other hand, properties of the turbulence in the time
domain (for frequencies v, averaged over all wavenumbers)
are less understood. Decades of studies have not yet found a
consensus on the shape of the frequency spectrum for oceanic
turbulence. The simplest model connecting the wavenumber
and frequency domains is Taylor’s hypothesis (Taylor 1938;
Ferrari and Wunsch 2010; Arbic et al. 2012). This model
predicts that the wavenumber and frequency slopes should be
equal, which is clearly not the case from previous SSH obser-
vations and idealized simulations (Arbic et al. 2012). A
dimensional argument by Tennekes and Lumley (1972), de-
vised for three-dimensional, homogeneous turbulence but po-
tentially applicable more generally, predicts a universal slope
of the KE frequency spectrum equal to 2. However, following
available in situ and satellite measurements, this argument
does not hold either (de Marez et al. 2023). While the Taylor
hypothesis fails, it is still likely that Doppler shifting shapes
the frequency content at submesoscales. Callies et al. (2020)
argued that the time scales registered by an Eulerian observer
are substantially shorter than the time scales of Lagrangian
evolution. The Doppler shifting will be more complicated
than in Taylor’s case if the dominant flow is a turbulent meso-
scale eddy field.

In the present paper, we aim at providing an alternative to
the usual description of the oceanic turbulence in the wave-
number domain. We present what we can learn about the
ocean’s geostrophic turbulence by looking at the time domain
and essentially raise the question “What shapes the frequency
spectrum of sea surface height?” The noise floor in theCorresponding author: Charly de Marez, charly@hi.is
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frequency domain is small compared to wavenumber domain,
and therefore, extracting balanced motions can be done by
only considering frequencies below the inertial frequency}
typically larger than the altimetric measurements Nyquist pe-
riod, O(20) days. This allowed recent studies to successfully
extract an estimate of the SSH frequency spectrum for bal-
anced motions in the global ocean (de Marez et al. 2023), us-
ing Jason-3 (J3) satellite measurement (Le Traon et al. 2017).
Based on in situ measurements, these authors assumed that
the frequency spectrum has a form

Sv(v) 5
Av

1 1 (v/v0)sv
, (1)

and they estimated its parameters: the amplitude Av, the
transition frequency v0, and the slope sv. These parameters
exhibit spatial patterns similar to the large and mesoscale en-
ergy levels (de Marez et al. 2023, and Fig. A1 in appendix A)
suggesting that this spectrum is mainly influenced by the un-
derlying balanced turbulence. Here, we refine the method
described in de Marez et al. (2023). We first compute the
wavenumber–frequency (k–v) spectra along J3 tracks. Prop-
erties of the SSH frequency spectrum are then extracted by
fitting the model spectrum (1) on the marginal frequency
spectrum (averaged over wavenumbers). When compared to
quantities from ECCO reanalysis, we show that frequency
spectra can be used as a proxy to understand the properties
of the oceanic flow. When studying particular basins, differ-
ent regimes coexist, depending on the regional dynamics. In
particular, there is a relation, likely to be linear, between the
slope of the frequency spectrum sv and the ratio of meridio-
nal potential vorticity gradients. This relation is found to
match with the one observed in numerical simulations repre-
senting the oceanic turbulent field at the surface under the in-
fluence of Rossby waves. These results could be used to
retrieve the oceanic surface properties from the frequency
spectrum obtained with novel satellite altimetry}with more
coverage and frequency sampling. We first present the spec-
tral analysis from satellite data in section 2. We then analyze
the frequency spectra in regard to a global reanalysis and
numerical idealized simulations in sections 3 and 4 and finally
with a simple theoretical model for Doppler shifting in
section 5. We discuss our results in section 6.

2. Spectral analysis from satellite data

Refining a similar method as in de Marez et al. (2023), we
use the along-track SSALTO/Data Unification and Altimeter
Combination System (DUACS) Delayed-Time Level-3 SSH
measurements made by the Jason-3 altimeter (Le Traon et al.
2017) to estimate frequency spectra of SSH variance across
the global ocean. The dataset consists of SSH time series
along 254 tracks with ;7-km along-track spacing. The time
series are 4 years long (2016–19) and have a spacing of
9.92 days. de Marez et al. (2023) computed frequency spectra
from each SSH time series. Here, we rather compute the k–v
spectrum at each time series location, where k is computed
along a 250-km-long segment in the along-track direction.

Hann windows are applied in the along-track and cross-track
directions, and discrete Fourier transforms are taken giving a
periodogram |ĥ(k,v)|2 at each location between 608S and 608N.
The resulting periodograms are then averaged over 2.58 3 2.58
boxes and finally integrated over wavenumbers to yield the SSH
marginal frequency spectra. As in de Marez et al. (2023), we
then assume that the SSH marginal frequency spectra have the
form (1), and we re-estimate Av, v0, and sv in the global ocean
by fitting this model spectrum (1) following the treatments and
methods fully described in de Marez et al. (2023). These pa-
rameters exhibit patterns similar to the large and mesoscale
energy levels (de Marez et al. 2023, and Figs. 1a,b) suggest-
ing that this spectrum is mainly influenced by the underlying
balanced turbulence.

FIG. 1. (a) Modal amplitude of the first baroclinic mode (U1; m s21),
(b) ratio of meridional PV gradients (j21), and (c) ratio between
the barotropic and first baroclinic modal amplitudes (U0/U1) de-
rived from the ECCO reanalysis. In all maps, hatched areas show
the equatorial and north polar areas that are excluded from the pre-
sent analysis. Dashed line rectangles highlight the nPO, nAO, and
IO areas. Contours in (a) show Av with 100.2 m2 cpd21 spacing.
Contours in (b) and (c) show sv 5 (2, 2.5, 3, 3.5). We refer the
reader to Fig. A1 for color plots ofAv and sv.
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The same method is applied on newly released Surface
Water and Ocean Topography (SWOT, NASA/CNES) data,
in particular the SWOT_L3_SSH dataset, derived from the
L2 SWOT KaRIn low-rate ocean data products (NASA/JPL
and CNES). It is produced and made freely available by
AVISO and DUACS teams as part of the DESMOS Science
team project (AVISO/DUACS 2023). We consider the 1-day
repeat orbit stage of the mission spanning a 100 day period be-
tween 29 March 2023 and 9 July 2023. For each satellite pass,
the data are displayed on a regular grid with 2-km spacing on
the ;100-km swath. We compute SSH spectra for each grid
point the same way as in Jason-3 data and then average in the
same 2.58 3 2.58 boxes. For the purpose of our study, we only
considered passes 015, 028, 017, and 002, that pass by the North
Pacific Ocean area. The advantage of this dataset is that 1) the
2D measure allows us to compute a lot of spectra at a given lati-
tude, thus allowing a better spectral estimate for a unique satel-
lite track, and 2) the 1-day repeat orbit allows us to extend the
frequency spectral estimate to a frequency of 0.5 cpd.

3. Baroclinic instability as the source of mesoscale
energy in the global ocean

The continuously stratified quasigeostrophic (QG) dynam-
ics are described by the material conservation of the QG po-
tential vorticityQqg (Vallis 2017) as

[­t 1 J (C, ? )]Qqg 5 0, (2)

with

Qqg 5 =2C 1 by 1
­

­z

f 20
N2

­

­z
C

( )
, (3)

where C(x, y, z, t) is the scalar 3D streamfunction, b is the lo-
cal Rossby parameter, f0 is the local Coriolis frequency, N is
the Brunt–Väisälä frequency, and x, y, and z are the zonal,
meridional, and vertical coordinates, respectively.

The streamfunction can be projected over normal vertical modes
(Gill 1982; Tedesco et al. 2022) of vertical structure hn (z) as

C(x, y, z, t) 5 ∑
1‘

n50
cn(x, y, t)hn(z), (4)

where

­

­z

1
N2

­

­z
hn

( )
1

1
l2n

hn 5 0, (5)

with ln as the deformation radius of the nth mode, found by
solving the eigenvalue problem [we hereafter define l1 5 RD,
the first baroclinic deformation radius (Chelton et al. 1998)].

We use (5) to obtain the vertical decomposition of the ve-
locity profile in the global ocean using the ECCO reanalysis
data (ECCO Consortium et al. 2021). The data are displayed
on a 0.58 3 0.58 grid, between 1992 and 2017 (in the following,
all quantities are time averaged over this period). We then de-
fine a lower-resolution grid composed of 2.58 3 2.58 boxes. In
each box, we average the stratification (N) profiles from

ECCO and use (5) to obtain the 10 first vertical modes in
this box. The eigenvalue problem is solved using the Python
Dedalus library, with the same boundary condition as pre-
sented in Tedesco et al. (2022). This gives an estimate of hn
and ln for 0 # n # 10. We then compute the amplitude of the
normal modes of the velocity as

Un 5
1
H

�0

2H
uhndz, (6)

where u is the norm of the velocity profile on an ECCO-grid
point, hn is the nth vertical mode corresponding to the box
the velocity profile is in, and H is the depth. Values of U0 and
U1 as shown in Fig. 1 are box-averaged values (see an exam-
ple of the different components of the modal decomposition
in Fig. B1 in appendix B). This method allows us to take into
account the variation of velocity within the box and also to be
computationally efficient as we do not decompose into normal
modes at each grid point.

We assume a zonal mean flow U with modal components U.
Equation (2) becomes a system of n equations that we linearize
around each component of the mean flow Un (Vallis 2017). The
meridional potential vorticity (PV) gradients for the first two
equations n5 0 and n5 1 are L0 5 b and L1 5U1/R

2
D, respec-

tively. We call the PV gradient ratio j 5 L1/L0. If the ocean is
mainly driven by the barotropic and first baroclinic components
[i.e., truncate to n 5 0 and n 5 1 (Flierl 1978)], baroclinic insta-
bility (BCI) can occur if the meridional PV gradient changes sign
vertically (Vallis 2017). This condition is equivalent to

j21 5
bR2

D

U1
, 1: (7)

This parameter sets the scale and the properties of the most
unstable modes. Note that the case j21 5 0 corresponds to
f-plane dynamics and is always baroclinically unstable if
U1 Þ 0 (the flow has a baroclinic component).

Based on the ECCO reanalysis, it appears that j21 , 1 in
85% of the ocean (excluding the equatorial band and polar re-
gions, see Fig. 1b). Most of the ocean is unstable with respect to
BCI and we observe a correspondence between instability to
BCI and regions of high U1: the turbulent energy in the ocean is
most likely injected where U1 is maximum (Fig. 1a), via BCI of
major western boundary currents. This mostly coincides with
places where Av is maximum (Fig. 1a): the energy content of
SSH frequency spectra appears to be set by BCI, and this spec-
trum can be used to understand more thoroughly the turbulent
characteristics of the ocean. In the following, we describe the dif-
ferent regimes that modulate the shape of the frequency spec-
trum in the specific areas defined in Fig. 1.

4. The ratio of meridional PV gradient as a control for
the shape of the SSH frequency

a. On the meridional variation of the observed SSH
frequency slope

We start by discussing the case study of the North Pacific
Ocean (nPO) area. There, barotropic currents are weak (U0/U1
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is small, Fig. 1c), the condition for baroclinic instability is satis-
fied everywhere (j21 , 1, Fig. 1b), and the average first baro-
clinic component of current U1 is ;0.01 m s21 (Fig. 1a). The
flow can thus be considered as a turbulent flow weakly influ-
enced by external forcing, where energy is locally injected by the
BCI of the first baroclinic component of the flow.

In this area, the slope of frequency spectra derived from
satellite altimetry varies between 1 , sv , 3.5 (see Figs. 1, 2,
and A1). The variation of spectral parameters is mainly me-
ridional. We therefore compute the zonal average spectra
(noted h?i) to study the dynamics at a given latitude (see
Figs. 2b and 3). The model spectrum (1) successfully captures
the shape of low-frequency spectra below ;408N (see e.g.,
Figs. 3a and 3b). Spectra computed using the higher temporal
resolution SWOT data show that the spectral amplitude as
well as the model spectrum fit are correctly estimated down to
the J3-data Nyquist frequency (v/2p ; 4 3 1022 cpd). At

higher latitudes, staircase-like spectra are measured (see e.g.,
Fig. 3c). J3- and SWOT-derived spectra amplitudes also do
not match. The description of such spectra is beyond the
scope of the present paper, but we could argue that at these
latitudes, the spectra are influenced by nonlocal phenomena,
e.g., topographic, coastal currents, or zonal Rossby waves jets.

Spectral parameters vary with latitude, with a poleward in-
crease of hAvix and a poleward decrease of hv0ix and hsvix
(Figs. 2c–e). The variation of the Coriolis frequency with lati-
tude (set by b) in such areas where U1 varies little induces a
strong meridional change of hj21ix (Fig. 2f). Below ;388N,
the slope of the frequency spectrum hsvix varies meridionally
together with hj21ix, with hsvix ; 3 at low latitude where
hj21ix ; 0.6 and hsvix ; 2 where hj21ix " 0 (see Fig. 4a).
This meridional variation is also seen for J3-measured spectra
in the Indian Ocean (IO) area, where all considered data
points are far from coastlines and north of the ACC signature

FIG. 2. Spectral analysis in the nPO area. (a) SSH frequency spectra slope s obtained from J3-data fits; contours show j21. (b) Zonally
averaged J3-data frequency spectra as a function of latitude (bottom) and three particular examples at the latitudes showed in (a) (top);
dashed lines show the fit of the model spectrum (1). (c)–(e) Parameters obtained from zonally averaged J3-data frequency spectrum fits
(respectively, amplitude A, transition frequency v0, and slope s). (f) Zonally averaged ECCO-derived j21. Envelopes in all plots show the
zonal standard deviation.

FIG. 3. (a)–(c) The zonally averaged SSH frequency spectrum from J3 data (dots) to SWOT KaRIn (crosses) time series at three differ-
ent latitudes in the nPO area; color envelopes show the standard deviation of spectra; solid line shows the fit of the model spectrum over
the J3 data [hsvix 5 3.26, 1.96, 1.176 0.19, 0.04, 0.07 for (a)–(c), respectively].
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(Figs. 1 and 4b). In this area, the scaling appears to follow a
linear trend. In the North Atlantic Ocean (nAO), data points
measured below ;308N (i.e., far from the Gulf Stream) also
follow this trend, despite the spreading due to the small zonal
extension of the area (see Figs. 1c and 4c).

b. Numerical model

The analysis of J3 data suggest that at midlatitudes, where
j21 ; 0, the SSH frequency slope tends to sv 5 2 (Fig. 4). A
frequency spectrum following a constant drop-off with slope
sv 5 2 is typical of expectations for a turbulent flow on an f
plane (Taylor 1938; Tennekes and Lumley 1972; Ferrari and
Wunsch 2010; Arbic et al. 2012; Callies et al. 2020). If the local
dynamics have time scale T. 1 day, length scale L. RD, and
its major dynamical components are the barotropic and first
baroclinic modes, the ocean can be fairly well modeled by
two-layer QG dynamics (Flierl 1978).

To further understand the underlying mechanism leading
to change in frequency spectra, we make use of a QG model
based on the framework and numerical methods described in
Callies et al. (2016), in a nondimensionalized two-layer ver-
sion, to run simulations of forced turbulence. It consists of a
doubly periodic domain, with a surface layer (subscript 1) in
the rigid lid approximation and a bottom layer (subscript 2)
with no bottom friction, whose respective thicknesses are h1
and h2, thus defining the aspect ratio d 5 h1/h2. We impose a
mean baroclinic zonal flow U 5 (U, 2U), that sets the mean
vertical gradient of potential vorticity. Quantities are nondi-
mensionalized such that x,; RD, u, y ; U, and t; RD/U with
RD as the first baroclinic radius of deformation. This way, the
model solves the nondimensional equations:

­tqi 1 J (ci, qi) 6 ­xqi 1 (b*7Fi)­xci 5 r=22qi 2 n(2=2)nqi,
(8)

for i 5 1, 2, with ci as the streamfunction anomaly, qi as the
potential vorticity anomaly, b* as the nondimensional Rossby

parameter, J as the Jacobian operator, F1 5 1/(1 1 d), and
F2 5 d/(1 1 d). We integrate these equation on a 128 3 128
points grid, with time steps adjusted to respect the CFL crite-
rion. Small scales are damped through hyperviscosity of order
n5 10 coefficient n and large scales through hypoviscosity co-
efficient r. The ratio of the meridional gradient of potential
vorticity in its nondimensional quasigeostrophic form is

j21 5 b*(d 1 1)/d, (9)

which can be directly compared to its dimensional definition (7).
In this framework, the only parameters that vary are U, R,

j21, r, and n . We adjust these parameters so the simulations rep-
resent the nPO area: we set U 5 0.04 m s21 and RD 5 15 km,
which corresponds to the value of hU1ix and hRDix from ECCO
data at 368N in the nPO area (see Fig. 1). The value of n is cho-
sen so it is as small as possible for the simulation not to blow up
and minimally affects the mesoscale dynamics discussed below.
Then, starting with the f-plane (j21 5 0) case, r is chosen so that
the simulated rescaled frequency spectrum has the same energy
content (Av and v0) than the J3-derived frequency spectrum at
368N (Fig. 3b). For cases with j21 Þ 0, we retune r such that the
domain-integrated KE when the turbulence is at equilibrium is
the same in all simulations.

These simulations are designed to represent a forced turbu-
lence flow at midlatitudes as is observed in J3 satellite meas-
urements. The energy in the simulations is injected via BCI of
the mean current because the meridional gradients of poten-
tial vorticity for the two layers have opposite signs. The growth
rate of the instability is maximum at a scale of ;100 km, with
a value of 0.07 days21 (see Fig. 5a). This leads to an exponen-
tial increase of KE during the first months of the simulation
(see Fig. 5b). Energy subsequently cascades toward larger
scales, and it is dissipated at the domain scale (;1000 km) by
hypoviscosity. After a few simulated months, the KE reaches
an equilibrium that lasts throughout the entire simulation
(here 10 years), see Fig. 5b. We only consider this equilibrium

FIG. 4. (a) [respectively, (b),(c)] Zonally averaged SSH frequency spectra slope sv obtained from J3-data fits in the nPO (respectively,
IO and nAO) area as a function of zonally averaged ECCO-derived j21; color indicates the latitude (red: lat, 308, white: 308 , lat, 388,
blue: lat. 388); crosses show the SSH frequency spectra slope in the two-layer QG simulation with a given j21; dashed line show a linear
fit of simulation sv 5 f(j21). (d) Zonally averaged SSH frequency spectra slope sv obtained from J3-data fits in the nAO area as a function
of ECCO-derived U0/U1; diamonds show the slope of Doppler-shifted spectra by a given barotropic current with values U0/U1 for the
frequency spectrum model (with slope s0v 5 [1:75, 2, 2:25]). Error bars indicate the zonal standard deviation.
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state for our further analysis. It represents the midlatitude
mesoscale dynamics captured by J3 satellite measurements:
the flow consists of O(100) km eddies and mesoscale fronts
(see Fig. 5c).

We compute SSH frequency spectra from the output
streamfunction and fit the model spectrum (1) in the fre-
quency band covered by J3 data. For j21 5 0 (f-plane case),
the simulation reproduces a SSH frequency spectrum with a
slope sv 5 2 that matches J3-derived spectrum (see Fig. 6a)
and a SSH wavenumber spectrum with a slope of 5 (see
Fig. 6b). When modifying j21, the slope of the SSH wavenum-
ber spectrum does not change: there is no change in spectral
properties of the turbulence if analyzing only the wavenum-
ber spectra (see Fig. 6b). On the other hand, we observe a
steepening of the SSH frequency spectra when j21 increases.

For these cases, the barotropic meridional gradient of poten-
tial vorticity is nonnull, and it supports the propagation of
Rossby waves in the domain. The more energetic ones are at
the domain scale and therefore sign as high variance patches
in the SSH k–v spectrum at the lowest wavenumbers and
at frequencies set by their dispersion relation, here for
33 1023 �v/2p � 1022 cpd (Fig. 6c). These Rossby waves
then appear in the marginal frequency spectrum (i.e., inte-
grated over wavenumbers) in the form of a variance increase
at v ; 1022 cpd (Fig. 6d). This leads to a steepening of the
frequency spectrum at the highest frequencies. Quantitatively,
the slope of the simulated SSH frequency spectra sv increases
together with j21. The sv(j

21) follows a linear trend,

sv 5 a0 3 j21 1 a1, (10)

with a0 5 1.57 6 0.10 and a1 5 2.16 6 0.04, which compares
favorably with zonally averaged J3-derived values discussed
in the previous section at midlatitudes (Figs. 4a–c). This dem-
onstrates that the shape of the SSH frequency spectra is set
by this meridional change of background potential vorticity
gradient.

5. Impact of local barotropic currents on the
frequency spectrum

In many areas, the barotropic component of the flow is at least
as intense as the baroclinic one, i.e., U0/U1 . 1 (see Fig. 1c). This
is the case in the northernmost part of the nAO area, above
;308N. At these locations, j21 ; 0, but the frequency spectra
slopes nonetheless vary between 2.5 , sv , 3.5 (Fig. 4c). The
larger U0/U1, the larger the zonal standard deviation, but never-
theless, hsvix appears to roughly increase together with hU0/U1i
(see Fig. 4d). Even if only a small number of data points are
available, a possible explanation for this would be that the baro-
tropic current induces a Doppler shifting that will steepen the
SSH frequency spectrum: the largerU0/U1, the larger sv.

We estimate this effect with a model spectrum for the SSH
for which the marginal frequency spectrum has a slope s0v. We
use the k–v model spectrum

S(k, v) 5 A

[1 1 (k/k0)a 1 (v/v0)b]c
(11)

to represent the SSH variance of background balanced turbu-
lence (de Marez et al. 2023). The A sets the overall amplitude
of the spectrum; k0 and v0 set the wavenumber and frequency
at which the spectrum transitions from a plateau at low fre-
quencies and wavenumbers to a power-law drop-off; and a, b,
and c control both the shape of this transition and the behav-
ior at high wavenumbers and frequencies. Here, k is an along-
track wavenumber, not the magnitude of a two-dimensional
wavenumber vector. The model spectrum (11) is similar to
the one proposed in Wortham and Wunsch (2014)}with a
key difference which is the nonseparable form of the power
law. de Marez et al. (2023) showed using in situ data that the
nonseparability, the power-law behavior at high frequencies/
wavenumbers, and the plateau at low frequencies/wavenumbers

FIG. 5. (a) Growth rate of the most unstable modes for the pri-
mary BCI following linear stability calculation; dashed line shows
the damping rate from hypoviscosity. (b) Integrated KE evolution
in the two-layer QG simulation. (c) Snapshot of PV in the surface
layer for the j21 5 0 simulation (in nondimensionalized model
units); contours show the streamfunction. In (a) and (b), color indi-
cates the simulation considered (see legend).
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of the model (11) accurately constrain the variance of balanced
motions for the SSH. If we impose that the frame of reference}
in which S(k, v) defines the SSH variance}moves at a velocity
u0 in the along-track direction, an Eulerian (nonmoving) ob-
server will measure a Doppler-shifted spectrum

S′(k, v) 5 A

[1 1 (k/k0)a 1 (v′/v0)b]c
, (12)

with v′ 5 v 2 u0k.
The spectral slope s, in the high-frequency limit for a

Doppler-shifted turbulent flow, can be estimated after inte-
grating (12) over wavenumbers (giving the marginal fre-
quency spectrum of amplitude Av). The result depends on
several parameters. We set k0 5 2p/250 cpkm, as it fairly well
represents the mesoscale turbulence activity at midlatitudes
(Lawrence and Callies 2022; de Marez et al. 2023). Also,
Av and v0 are chosen as median values in the nAO area:
Av 5 6.7 3 106 m2 cpd21 and v0 5 3.83 1022 cpd. We choose
to set c 5 1 as it merely controls the behavior near the transi-
tion between the plateau and power-law range and has little im-
pact on the present results (de Marez et al. 2023). The a and b
are related to marginal spectra slopes following

a 5
sksv 2 1
sv 2 1

and b 5
sksv 2 1
sk 2 1

: (13)

They are chosen such that the spectrum integrated over fre-
quencies (the marginal wavenumber spectrum) has a slope
sk 5 5 (consistent with the typical drop-off of turbulent oce-
anic flow, Callies et al. 2015), knowing that s0v sets the slope of
the frequency spectrum in the moving frame of reference. A
sensitivity analysis showed that slightly changing all these pa-
rameters minimally affects the present results.

For a given set of parameters (k0, v0, sk, s
0
v), we can vary

the mean current u0, compute the marginal frequency spec-
trum, and measure the slope sv in the Eulerian frame of refer-
ence using a least squares fit of the function (1) in the same
frequency range as in satellite J3 data (see Fig. 7a). If we sup-
pose that the background turbulent flow is driven by baro-
clinic instability, ũ0 5 u0 3 k0/v0 is equivalent to the ratio
U0/U1 measured in ECCO data. For the range of parameters ob-
served in the nAO area, i.e., u0 5 [0, 0.02, 0.04, 0.08, 0.1] m s21

(ũ0 5 [0, 1:2, 2:3, 3:5, 4:6] in its dimensionless form), the slope
increases linearly from sv 5 2.0 at ũ0 5 0 to sv 5 3.14 at
ũ0 5 4:6 (Figs. 7a,b). This theoretical estimate, assuming
s0v 5 [1:75, 2:0, 2:25], falls within error bars of zonally averaged
J3-derived values for sv (Fig. 4d). This supports the fact that the
steepening of the frequency spectrum as U0/U1 increases is
mostly due to the Doppler shifting of background BCI-driven
turbulence.

6. Discussion

In most of the ocean, the flow can be decomposed into bar-
otropic and baroclinic components. The ratio of the PV gra-
dients associated with each of them (j21) and the associated
zonal mean currents ratio (U0/U1) vary. Interpreting the fre-
quency spectrum shape is therefore challenging and it needs
to be done knowing the regional dynamical properties. In the
South Pacific Ocean, for example, the South Pacific Current
and the proximity with the Subantarctic Front of the Antarc-
tic Circumpolar Current lead to a strong barotropic compo-
nent of the velocity. These currents are east-oriented, thus
canceling the Doppler shifting of the frequency spectrum by
Rossby waves, and subsequently leading to a rather constant
value of slope sv ’ 2 in this basin (Fig. 1b). In western bound-
ary systems such as the Kuroshio Extent, the Gulf Stream,
and the Agulhas Current regions, slope values are far from

FIG. 6. (a) The SSH marginal frequency spectrum of the j21 5 0 (f-plane) simulation (solid line) and its fit using the model spectrum
(1) (dashed line); blue envelope shows J3-data frequency spectrum at 36.258N (same as in Fig. 3b). (b) SSH marginal wavenumber spectra
in the j21 5 0, 0.66, and 0.88 simulations; dashed lines show the k211/3 and k25 slopes. (c) SSH k–v spectrum in the j21 5 0.88 simulation.
(d) SSH marginal frequency spectra in the j21 5 0, 0.66, and 0.88 simulations, and their fit using the model spectrum (1); the respective
values of sv are shown in color next to the fits. In (b) and (d), color indicates the simulation considered (see legend).
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open ocean results, reaching sv . 3.5 (Fig. 1b). At these loca-
tions, the arguments developed in this study are not applica-
ble because 1) the turbulence is not fully developed (the flow
mainly consists of large/intense laminar currents) and 2) the
proximity of the coast prevents the turbulence to reach equi-
librium by injecting energy in the system (Waterman and
Jayne 2011). Frequency spectra steepness is most likely due to
the signature of slowly varying currents, that fill the spectrum
at low frequencies. Remotely generated mesoscale vortices,
such as Gulf Stream Rings (Richardson 1983) and Agulhas
Rings (Olson and Evans 1986), can also significantly steepen
frequency spectra. In the South Atlantic Ocean, for instance,
drifting Agulhas rings have an external radius of ;100–400 km
and a drifting speed of ;5–8 cm s21 (Laxenaire et al. 2019).
The passage of such eddies thus have a frequency signature be-
tween ;5 3 1023 cpd and ;2 3 1022 cpd. This leads to broad
peaks in the frequency spectrum at these frequencies (not
shown), that subsequently fill the spectrum, and increase the
spectral slope.

7. Conclusions

Our findings suggest that far from the influence of planetary
Rossby waves and strong barotropic currents, the large to me-
soscale balanced turbulence is likely to produce SSH frequency

spectra with slope sv ’ 2. This is in agreement with previous
studies (Arbic et al. 2012), and it is a first step in understanding
the conversion from wavenumber to frequency domains for
SSH variance. Elsewhere, if the barotropic component of the
flow can be neglected, planetary Rossby waves propagate in
the domain and steepen the frequency spectrum at high fre-
quencies. This can be quantitatively described by two-layer
QG dynamics: the frequency spectrum slope scales}linearly}
with the local value of j21. Where the barotropic current can-
not be neglected, the steepening of the frequency spectrum can
be fairly well predicted by assuming that the flow is Doppler-
shifted by the local current.

Contrary to the classical wavenumber approach, the study
of frequency spectrum implies a good knowledge of the local
dynamics of the basin the frequency spectrum is measured in:
frequency spectrum properties can exhibit complicated pat-
terns due to entangled dynamics. Despite this, this gives a
unique chance to study the properties of oceanic turbulence if
1) the wavenumber spectrum is not measurable or 2) the in-
formation given by wavenumber spectrum are not enough to
understand the underlying phenomena.

Altogether, these results show that with further work, the
study of the frequency spectrum of SSH as observed by satel-
lite could be an efficient tool in retrieving the properties of
the oceanic turbulence. In the context of upcoming high-
resolution satellite mission, this framework will complement
the study of wavenumber spectra and will allow retrieval of
the turbulence properties in the open ocean and, therefore, to
better assess on a global scale heat, CO2, and other tracer ex-
changes in the global ocean.
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(https://www.aviso.altimetry.fr/en/data/products/sea-surface-
height-products/global/swot-l3-ocean-products.html). ECCO
reanalysis data were obtained on PODAAC website (https://
podaac.jpl.nasa.gov/dataset/ECCO_L4_TEMP_SALINITY_
05DEG_MONTHLY_V4R4). The QG model is available on
author’s GitHub (https://github.com/joernc/QGModel).
Scripts and data to reproduce the study are available on the
author’s GitHub (https://github.com/demarez/freqspectrum).

FIG. 7. (a) The marginal frequency spectrum S′
v(v), when the

background turbulent flow is advected by a mean current ũ0 [color
coding is for ũ0; see (b)]; spectra are normalized by the amplitude
of S′

v(v) for u0 5 0. (b) Variation of the slope for a model spec-
trum of the form (1), for the same values of u0 as in (a); linear least
squares fit is shown by dashed lines.
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APPENDIX A

Spectral Parameters from Jason-3 Time Series

Figure A1 recalls the spectral parameters found in de Marez
et al. (2023).

APPENDIX B

Modal Decomposition in the Gulf Stream

Figure B1 shows an example of modal decomposition in the
Gulf Stream area using the ECCO reanalysis.

FIG. A1. (a) Spectral amplitudeAv. (b) Spectral slope sv. The same
contours as in Fig. 1 are shown.
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